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Abstract
This work presents the variational principles and the intrinsic versions of several equations in
field theories, in particular, for the Classical Euler-Lagrange field equations, the implicit Euler-
Lagrange field equations and the non-holonomic implicit Euler-Lagrange field equations. The
advantages of the variational and intrinsic versions of these equations is that the Lagrangians
functions are not necessary regular Lagrangians. We present two examples of this situation:
Navier’s equations and the non-holonomic Cosserat rod. Finally we comment the Hamiltonian
case when the Lagrangian is a hyperregular function.
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1 Introduction
Classical field theories are physical theories that describe the behaviour of one or more physical
fields through field equations. Recall that a physical field can be thought of as the assignment of
a physical quantity at each point of space and time.
At present, it is common to model classical field theories using different mathematical for-
malisms. For instance, in the literature there exist many geometric models that describe classical
field theories. Just to name a few of them: the polysymplectic [12, 19], the n-symplectic [15], the
k-cosymplectic [5], the multisymplectic [3, 7, 8, 13] and the jet formalisms [20].
The main differences between all these models depend on the choice one makes for the geometric
and the differentiable structure of both the space of parameters xα (such as space-time) and the
space of fields φi. The model we will use in this paper is the one of k-symplectic field theory, as
developed in the papers [2, 6, 14, 10, 17].
Let us recall that the k-symplectic formalism [6] is the generalization to first order classical field
theories of the standard symplectic formalism in mechanics, which is the geometric framework for
describing autonomous dynamical systems.
The k-symplectic formalism is used to give a geometric description of certain kinds of field
theories: in a local description, those whose Lagrangians do not depend on the coordinates in
the basis (in many of them, the space-time coordinates); that is, it is only valid for Lagrangians
L(qi, viα) and Hamiltonians H(q
i, pαi ) that depend on the field coordinates q
i and on the partial
derivatives of the field viα or the corresponding momenta p
α
i . Thus we consider the Lagrangian and
Hamiltonian functions as maps L : T 1kQ→ R, and H : (T 1k )∗Q→ R. This formalism characterizes
the (regular) field theory in terms of a certain class of so-called ‘k-vector fields’ on T 1kQ and (T
1
k )
∗Q,
which are literally collections of k individual vector fields.
Although we do not strictly use this formalism in this work, if we use the bundles T 1kQ and
(T 1k )
∗Q, which are part of this formalism. The idea is to give new descriptions of several equations
of fields theories, using geometric structures but not the k-vector fields. The advantages of these
new descriptions are that this description is valid when the Lagrangian is singular or when we
consider non-holonomic constraints.
Explicitly, the main aim of this paper is to present the variational principles and the intrinsic
versions of the
(i) Euler-Lagrange field equations,
(ii) Implicit Euler-Lagrange field equations,
(iii) Non-holonomic implicit Euler-Lagrange field equations.
(iv) Hamilton-de Donder-Weyl equations and non-holonomic Hamilton-de Donder-Weyl
equations.
The organization of the paper is as follows: Section 2 introduces the necessary bundles along
this work, that is:
4• The tangent bundle of k1-velocities T 1kQ = TQ⊕Q k. . . ⊕QTQ, that is the Whitney sum of k
copies of the tangent bundle TQ of a manifold Q.
• The cotangent bundle of k1-velocities (T 1k )∗Q = T ∗Q⊕Q k. . . ⊕QT ∗Q, that is the Whitney
sum of k copies of the cotangent bundle T ∗Q.
• The generalized Pontryagin bundle M = T 1kQ ⊕Q (T 1k )∗Q, which it is necessary in order to
obtain (non-holonomic) implicit Euler-Lagrange equations.
In the tangent and cotangent bundles of k1-velocities and k1-covelocities, we have canonical
forms, and we can define natural prolongations of maps and vector fields which will are fundamental
to develop the main aim in section 4.
In Section 3, defining an extension of the Tulczyjew’s derivations [22, 23, 24], we obtain two
1-forms λ and χ, on T 1k ((T
1
k )
∗Q), which are also fundamental for giving the intrinsic version of the
field equations in section 4.
With all these tools in Section 4 and Section 5 we establish the variational principles and the
intrinsic versions of the corresponding field equations. For the intrinsic version of (i) we consider a
Lagrangian L and the 1-form λ; for (ii) and (iii) we use the generalized energy function E : M→ R
and the 1-form χ. In Section 5, we describe an intrinsic version of the equations (iv), using E and
χ.
As example of point (ii) we describe the Navier’s equations, and as example of point (iii) we
describe the nonholonomic Cosserat rod.
Some results of Sections 4 and 5 , considering the case k = 1, are generalizations of some results
given [28, 29].
Section 6 summarises the results of the work and provides some hints on future research.
Finally, unless otherwise stated, we assume all mathematical objects to be real, smooth and
globally defined.
2 Geometric elements
In this section, we provide a quick overview of the natural bundles for the study of field theories
using the geometric elements of the k-symplectic setting [2, 6, 14, 10, 17]. More details about the
material of this section can be found in [6] and the references therein. Using these two bundles we
define the “k-Pontryagin bundle” M : = T 1kQ⊕(T 1k )∗Q, one generalization of the usual “Pontryagin
bundle” TQ ⊕Q T ∗Q. This manifold M is very important along this paper in particular in the
description of the implicit version of the Euler-Lagrange field equations (with or without non-
holonomic constraints).
2.1 The tangent bundle of k1-velocities
Let τM : TM →M be the tangent bundle of a differentiable manifold M . We will use the notation
T 1kM for the Whitney sum TM⊕ k. . . ⊕TM of k copies of TM and τkM for the corresponding
projection τkM : T
1
kM →M which maps (v1m , . . . , vkm) onto the point m ∈M .
5T 1kM can be identified with the manifold J
1
0 (Rk,M) of k1-velocities of M . These are 1-jets of
maps from Rk to M with source at 0 ∈ Rk. For this reason the manifold T 1kM is called the tangent
bundle of k1-velocities of M .
In what follows, we will denote coordinates on Rk by (xα) = (x1, . . . , xk). If (yI) (with I =
1, . . . ,dimM) are local coordinates on U ⊂ M then the induced local coordinates (yI , uI) on
TU = τ−1M (U) are given by
yI(vm) = y
I(m), uI(vm) = vm(y
I) , vm ∈ TmM.
These naturally induce coordinates (yI , uIα) (with I = 1, . . . ,dimM ; α = 1, . . . , k) for a point
(v1m , . . . , vkm) in T
1
kU = (τ
k
M )
−1(U), such that uIα are the components of the α’th vector vαm along
the natural basis of TmM
vαm = u
I
α
∂
∂yI
∣∣∣
m
,
that is,
yl(v1m , . . . , vkm) = y
l(m) , uIα(v1m , . . . , vkm) = vαm(y
I). (2.1)
The canonical projection τkM : T
1
kM →M is given in local coordinates as follows
τkM (y
I , uIα) = (y
I) . (2.2)
On the other hand, we have a family of canonical projections τk,αM : T
1
kM → TM defined for
each α ∈ {1, . . . , k} by
τk,αM (v1m , . . . , vkm) = vαm , (2.3)
given in local coordinates by
τk,αM (y
I , uI1, . . . , u
I
k) = (y
I , uIα). (2.4)
We continue this subsection recalling some geometric elements defined on the tangent bun-
dle of k1-velocities, which will be important along this work. These elements are the canonical
prolongations of maps, the complete lifts of vector fields and finally the first prolongation of maps.
A. Canonical prolongations of maps ϕ : M → N
Let ϕ : M → N be a differentiable map. In what follows, we will make use of the canonical
prolongation of ϕ, which is the induced map T 1kϕ : T
1
kM → T 1kN defined by
T 1kϕ(v1m , . . . , vkm) = (ϕ∗(m)(v1m), . . . , ϕ∗(m)(vkm)) .
B. Complete lifts of vector fields
We now recall the notion of canonical prolongation of a vector field X ∈ X(M) to T 1kM ,
that is the complete lift XC ∈ X(T 1kM). If X has a local 1-parametric group of transformations
ϕt : Q→ Q, then the local 1-parametric group of transformations T 1kϕt : T 1kM → T 1kM generates a
vector field ZC on T 1kM , the complete lift of X to T
1
kQ. Its local expression is
XC = XI
∂
∂yI
+ uIα
∂XJ
∂yI
∂
∂uJα
. (2.5)
6C. First prolongation of maps ψ : Rk →M
The first prolongation ψ(1) of a map ψ : Rk →M is the map ψ(1) : Rk → T 1kM , defined by
ψ(1)(x) =
(
ψ∗(x)
(
∂
∂x1
∣∣∣
x
)
, . . . , ψ∗(x)
(
∂
∂xk
∣∣∣
x
))
.
In local coordinates, we have
ψ(1)(x) =
(
ψI(x),
∂ψI
∂xα
(x)
)
, 1 ≤ α ≤ k , 1 ≤ I ≤ dimM . (2.6)
2.2 The cotangent bundle of k1-covelocities
Let piM : T
∗M →M be the cotangent bundle of the manifold M . We will use the notation (T 1k )∗M
for the Whitney sum T ∗M⊕ k. . . ⊕T ∗M of k copies of T ∗M and pikM for the corresponding projection
pikM : (T
1
k )
∗M →M which maps (ν1m, . . . , νkm) onto the point m ∈M .
(T 1k )
∗M can be identified with the manifold J1(M,Rk)0 of k1-covelocities of M . These are
1-jets of maps from M to Rk with target at 0 ∈ Rk. For this reason the manifold (T 1k )∗M is called
the cotangent bundle of k1-covelocities of M .
If (yI) are local coordinates on U ⊂ M then the induced local coordinates (yI , zI) on T ∗U =
pi−1M (U) are given by
yI(νm) = y
I(m) , zI(νm) = νm(
∂
∂yI
∣∣∣
m
), νm ∈ T ∗mM.
These naturally induce coordinates (yI , zαI ) for a point (ν
1
m, . . . , ν
k
m) in (T
1
k )
∗U = (pikM )
−1(U),
such that zαI are the components of the α’th covector ν
α
m along the natural basis of TmM that is
yl(ν1m, . . . , ν
k
m) = y
l(m), zαI (ν
1
m, . . . , ν
k
m) = ν
α
m(
∂
∂yI
∣∣∣
m
) . (2.7)
The canonical projection pikM : (T
1
k )
∗M →M is given in local coordinates as follows
pikM (y
I , zαI ) = (y
I) , (2.8)
and for each α ∈ {1, . . . , n}, the canonical projections pik,αM : (T 1k )∗M → T ∗M are defined by
pik,αM (ν1m , . . . , νkm) = ναm , (2.9)
and its local expression is
pik,αM (y
I , z1I , . . . , z
k
I ) = (y
I , zαI ) . (2.10)
As in the case of the tangent bundle of k1-velocities, we now recall the canonical prolongations
of maps and vector field.
7A. Canonical prolongations of maps ϕ : M → N
Let ϕ : M → N a map. The natural or canonical prolongation of (T 1k )∗ϕ to the corresponding
bundles of k1-covelocities is the map (T 1k )
∗ϕ : (T 1k )
∗N → (T 1k )∗M defined as follows:
(T 1k )
∗ϕ(νϕ(m))) = (ϕ∗(ν1ϕ(m)), . . . , ϕ
∗(νkϕ(m))) = (ν1ϕ(m) ◦ ϕ∗(m), . . . , νkϕ(m) ◦ ϕ∗(m)) , (2.11)
where νϕ(m) = (ν1ϕ(m) , . . . , νkϕ(m)) ∈ (T 1k )∗N and m ∈M .
B. Complete lifts of vector fields
Now let X be a vector field on M with local 1-parametric group of transformations ϕt : M →M ,
then the local 1-parametric group of transformations (T 1k )
∗ϕt : (T 1k )
∗M → (T 1k )∗M generates a
vector field XC
∗
on T 1kM , the complete lift of X to (T
1
k )
∗M . Its local expression is
XC
∗
= XI
∂
∂yI
− zαJ
∂XJ
∂yI
∂
∂zαI
. (2.12)
2.3 The Pontryagin bundle
In order to introduce the Hamilton-Pontryagin principle we define the generalized Pontryagin bun-
dle M = T 1kQ ⊕Q (T 1k )∗Q. This bundle plays a similar role as the Pontryagin bundle TQ ⊕Q T ∗Q
over a configuration manifold Q for the case of classical mechanics.
In this section we consider the geometric elements over this bundle, which are necessary in the
rest of the paper.
Let us consider the Whitney sum M = T 1kQ ⊕Q (T 1k )∗Q of the tangent bundle of k1-velocities
and the cotangent bundle of k1-covelocities of a differentiable manifold Q. This manifold is called
the k-Pontryagin bundle.
An element of M is a pair (vq, νq) where vq = (v1q, . . . , vkq) ∈ T1kQ and νq = (ν1q , . . . , νkq ) ∈
(T 1k )
∗Q. It has natural bundle structures over T 1kQ and (T
1
k )
∗Q.
Let us denote by pr1 : M = T
1
kQ ⊕Q (T 1k )∗Q → T 1kQ the projection into the first factor,
pr1(vq, νq) = vq and by pr2 : M = T
1
kQ ⊕Q (T 1k )∗Q → (T 1k )∗Q the projection into de second
factor, pr2(vq, νq) = νq.
We denote by prMQ : M = T
1
kQ ⊕Q (T 1k )∗Q → Q the projection into the configuration space Q,
prMQ (vq, νq) = q.
Taking into account (2.1) and (2.7) each coordinate system (yI) ≡ (qi) defined on an open
neighbourhood U ⊂ Q, induces the local bundle coordinate system (yI , zIα) ≡ (qi, viα) on (τkQ)−1(U),
the local bundle coordinate system (yI , zαI ) ≡ (qi, pαi ) on (pikQ)−1(U) and (qi, viα, pαi ) on (prMQ )−1(U)
defined as follows:
qi(vq, νq) = q
i(q) , viα(vq, νq) = v
i
α(vq) = vαq(q
i) , pαi (vq, νq) = p
α
i (νq) = ν
α
q
( ∂
∂qi
∣∣∣
q
)
. (2.13)
These coordinates endow to M of a structure of differentiable manifold of dimension n(2k+ 1).
82.3.1 Canonical prolongations of diffeomorphisms and vector fields
Using the definition of the tangent and cotangent map we introduce the prolongation of a diffeo-
morphism.
Let ϕ : Q → Q be a diffeomorphism. The natural or canonical prolongation of ϕ to the corre-
sponding k-Pontryagin bundles is the map
τ1kϕ : M = T
1
kQ⊕Q (T 1k )∗Q→M = T 1kQ⊕Q (T 1k )∗Q
defined by
τ1kϕ(vq, νq) = (T
1
kϕ(vq), (T
1
k)
∗ϕ(νq)) , (2.14)
where T 1kϕ and (T
1
k )
∗ϕ are the natural prolongations of ϕ introduced in Sections 2.1 and 2.2,
respectively.
The above definition allows us to introduce the canonical or complete lift of vector fields from
Q to M = T 1kQ⊕Q (T 1k )∗Q.
Definition 2.1 Let Z be a vector field on Q, with 1-parameter group of diffeomorphism {ϕs}. The
canonical o complete lift of Z to the k-Pontryagin bundle M = T 1kQ ⊕Q (T 1k )∗Q is the vector field
Z1 whose local 1-parameter group of diffeomorphism is {τ1kϕs}.
In local canonical coordinates (2.13), if Z = Zi∂/∂qi, the local expression of Z1 is
Z1 = Zi
∂
∂qi
+ vjα
∂Zk
∂qj
∂
∂vkα
− pαj
∂Zj
∂qk
∂
∂pαk
. (2.15)
Compare this local expression with (2.5) and (2.12).
2.3.2 Canonical forms on M
We now introduce certain canonical forms on (T 1k )
∗Q and M. We consider the canonical 1-forms
Θ1, . . . ,Θk on (T 1k )
∗Q as the pull-back of Liouville’s 1-form θ by the canonical projection pik,αQ :
(T 1k )
∗Q→ T ∗Q , that is, for each 1 ≤ α ≤ k
Θα = (pik,α)∗θ ; (2.16)
the canonical 2-forms Ω1, . . . ,Ωk are defined by
Ωα = −dΘα , (2.17)
or equivalently by Ωα = (pik,α)∗ω being ω the canonical symplectic form on the cotangent bundle
T ∗Q.
If we consider the canonical coordinates (qi, pαi ) on (T
1
k )
∗Q then the canonical forms Θα,Ωα
have the following local expressions:
Θα = pαi dq
i , Ωα = dqi ∧ dpαi . (2.18)
9We will also consider the forms on M
ΘαM = (pr2)
∗(Θα) , ΩαM = (pr2)
∗(Ωα) , 1 ≤ α ≤ k , (2.19)
with local expressions
ΘαM = p
α
i dq
i , ΩαM = dq
i ∧ dpαi , 1 ≤ α ≤ k . (2.20)
2.3.3 Generalized energy function
Let L : T 1kQ→ R be a Lagrangian function, which is possible degenerate. We define the generalized
energy function associated to L by the map E : M = T 1kQ⊕Q (T 1k )∗Q→ R defined as
E(vq, νq) =<< vq, νq, >> −L(vq) , (2.21)
for each (vq, νq) ∈ M = T1kQ ⊕Q (T1k)∗Q. In the above definition << ·, · >> : T 1kQ ⊕ (T 1k )∗Q → R
is the map defined by
<< vq, νq, >>= νq(vq) =
n∑
α=1
ναq (vαq) . (2.22)
In the induced local coordinates system (2.13) we obtain
E(qi, viα, p
α
i ) = p
α
i v
i
α − L(qi, viα) . (2.23)
2.4 The Legendre transformation
In order to stablish a relationship between the Lagrangian and Hamiltonian version of the equations
of classical field theories, we recall the definition of the Legendre transformation FL between the
tangent bundle of k1-velocities and the cotangent bundle of k1-covelocities.
For each Lagrangian function L ∈ C∞(T 1kQ) it is possible to consider the Legendre transforma-
tion associated to L as the map FL : T 1kQ→ (T 1k )∗Q defined as follows:
FL(vq) = ([FL(vq)]
1, . . . , [FL(vq)]
k)
where
[FL(vq)]
α(uq) =
d
ds
∣∣∣
s=0
L
(
v1q, . . . , vαq + suq, . . . , vkq
)
,
for 1 ≤ α ≤ k, uq ∈ TqQ and vq = (v1q, . . . , vkq) ∈ T 1kQ.
Using natural coordinates (qi, viα) on T
1
kQ and (q
i, pαi ) on (T
1
k )
∗Q, the local expression of the
Legendre map is
FL(qi, viα) =
(
qi,
∂L
∂viα
)
. (2.24)
Let us recall that a a Lagrangian function L : T 1kQ −→ R is said to be regular (resp. hyperreg-
ular) if the Legendre map FL is a local diffeomorphism (resp. global). In other case L is said to
be singular.
From (2.24) we know that L is regular if and only if the matrix
( ∂2L
∂viα∂v
j
β
)
is not singular.
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3 Tulczyjew’s derivations and canonical forms
One of the aim of this paper is to obtain an alternative description of the Lagrangian and Hamilto-
nian field equations. In a similar description on the case of Lagrangian and Hamiltonian Mechanics
it is possible to obtain a symplectic structure on TT ∗Q. This symplectic form can be defined by
two different ways as the exterior derivative of two intrinsic one-forms on TT ∗Q.
The aim of this section is to extend that construction and obtain two intrinsic 1-forms χ and λ
on the space T 1k ((T
1
k )
∗Q).
In order to define these two 1-forms it is necessary to consider Tulczyjew’s derivations.
3.1 Tulczyjew derivations on T 1kM
Let us denote by
∧
N the algebra of the exterior differential forms on an arbitrary manifold N . In
[22, 23], a derivation
iT :
∧
M →
∧
TM
of degree −1 over the canonical projection τM : TM →M was defined in an arbitrary manifold M
by iTµ = 0 if µ is a function on M , and by
iTµ(vx)(Z
1
vx , . . . , Z
l
vx) = µ(x)(vx, (τM )∗(vx)(Z
1
vx), . . . , (τM )∗(vx)(Z
l
vx)) ,
if µ is a (l + 1)-form, where x ∈M , Zrvx ∈ Tvx(TM), 1 ≤ r ≤ l.
A derivation
dT :
∧
M →
∧
TM
of degree 0 over τM is defined by dTµ = iTdµ+ diTµ, where d is the exterior derivative. We have
ddT = dTd.
We extend the above definitions of iT and dT as follows: for every α = 1, . . . , k we define a
derivation
iTα :
∧
M →
∧
T 1kM
of degree −1 over τkM : T 1kM →M by iTαµ = 0 if µ is a function on M , and by
iTαµ(wx)(Z˜
1
wx , . . . , Z˜
l
wx) = µ(x)(τ
k,α
M (wx), (τ
k
M )∗(wx)(Z˜
1
wx), . . . , (τ
k
M )∗(wx)(Z˜
l
wx)) , (3.1)
if µ is an (l + 1)-form, wx ∈ T 1kM and Z˜rwx ∈ Twx(T 1kM), 1 ≤ r ≤ l.
We define, for each α = 1, . . . , k, a derivation
dTα :
∧
M →
∧
T 1kM
of degree 0 over τkM is defined by
dTαµ = iTαdµ+ diTαµ ,
where d is the exterior derivative. We have d dTα = dTαd.
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3.2 Canonical 1-forms χ, λ on T 1k ((T
1
k )
∗Q)
We now consider the above definitions with M = (T 1k )
∗Q. Then the Tulczjew’s derivations on
T 1kM = T
1
k ((T
1
k )
∗Q) are the following maps:
dTα :
∧
(T 1k )
∗Q→
∧
T 1k ((T
1
k )
∗Q) iTα :
∧
(T 1k )
∗Q→
∧
T 1k ((T
1
k )
∗Q)
With the canonical 1-forms Θα on (T 1k )
∗Q we can define the intrinsic 1-form on T 1k ((T
1
k )
∗Q)
λ =
k∑
α=1
dTαΘ
α . (3.2)
In a similar way we can define another intrinsic 1-forms on T 1k ((T
1
k )
∗Q) using the derivations of
degree −1 and the family of canonical 2-forms Ω1, . . . ,Ωk
χ =
k∑
α=1
ιTαΩ
α . (3.3)
Since on (T 1k )
∗Q we have local coordinates (yI) ≡ (qi, pαi ), we have the induced coordinates
(yI , zIα) ≡ (qi, pαi , (vα)i, (vα)βi ) on T 1k ((T 1k )∗Q).
Using a computation in these local coordinates we obtain that the local expressions of λ and χ
are
λ =
k∑
α=1
dTαΘ
α = (vα)
α
i dq
i + pαi d(vα)
i , (3.4)
and
χ =
k∑
α=1
ιTαΩ
α = (vα)
i dpαi − (vα)αi dqi. (3.5)
4 The intrinsic form of the Euler-Lagrange field equations
In this section we describe the implicit Euler-Lagrange field equations in two different ways. In first
place we obtain the implicit Euler-Lagrange equations for classical field theories from a variational
principle. Then, we describe the intrinsic form of these equations using the canonical forms χ and
λ defined in Section 3.
The sketch of this Section is to give the variational principle and the intrinsic form of the
Euler-Lagrange field equations in three different cases: we recall the classical case, we describe the
implicit Euler-Lagrange field equations without constraints and, finally, the non-holonomic implicit
Euler-Lagrange field equations.
4.1 Classical Euler-Lagrange field equations
In this subset we recall the classical Euler-Lagrange equations in field theories. In particular we
recall the variational description of the Euler-Lagrange field equations in the k-symplectic setting
[6] and then, we consider the intrinsic version of these equations.
12
4.1.1 The Hamilton principle
Consider a Lagrangian function L : T 1kQ→ R. We now define the action integral
J(φ) =
∫
U0
(L ◦ φ(1))(x)dkx ,
where dkx = dx1 ∧ . . . ∧ dxk is a volume form on Rk, φ : U0 ⊂ Rk → Q is a map, with compact
support, defined on an open set U0 and φ
(1) : U0 ⊂ Rk → T 1kQ denotes the first prolongation of φ,
introduced in Section 2.1.
A map φ is called an extremal for the above action if
d
ds
J(τs ◦ φ)
∣∣∣
s=0
= 0
for every flow τs on Q such that τs(q) = q for all q in the boundary of φ(U0). Since such a flow
τs is generated by a vector field Z ∈ X(Q) vanishing on the boundary of φ(U0), then we conclude
that φ is an extremal if and only if∫
U0
(
(LZcL) ◦ φ(1)
)
(x)dkx = 0 ,
for all Z satisfying the above conditions, where Zc is the complete lift of Z to T 1kQ. Putting
Z = Zi
∂
∂qi
, from (2.5), we know that the local expression of the complete lift Zc is
Zc = Zi
∂
∂qi
+ viα
∂Zj
∂qi
∂
∂vjα
.
Then integrating by parts we deduce that φ(x) = (φi(x)) is an extremal of J if and only if∫
U0
[
k∑
α=1
∂
∂xα
∣∣∣
x
(
∂L
∂viα
∣∣∣
φ(1)(x)
)
− ∂L
∂qi
∣∣∣
φ(1)(x)
]
Zidkx = 0 ,
for all values of Zi. Thus, φ will be an extremal of J if and only if
k∑
α=1
∂
∂xα
∣∣∣
x
(
∂L
∂viα
∣∣∣
φ(1)(x)
)
=
∂L
∂qi
∣∣∣
φ(1)(x)
. (4.1)
The equations (4.1) are called the Euler-Lagrange field equations for the Lagrangian L ∈ C∞(T 1kQ).
4.1.2 The intrinsic form of the Euler-Lagrange field equations
We shall give an intrinsic form of the Euler-Lagrange field equations (4.1), using the canonical
1-form λ ∈ T 1k ((T 1k )∗Q) introduced in Section 3.2.
In order to do this we consider a map ψ : U0 ⊂ Rk → (T 1k )∗Q locally given by ψ(x) =
(ψi(x), ψαi (x)), then φ = pi
k
Q ◦ ψ : U0 ⊂ Rk → Q is a map locally given by φ(x) = (ψi(x)).
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Let us recall that the local coordinates on T 1k ((T
1
k )
∗Q) are (qi, pαi , (vα)
i, (vα)
β
i ) then the first
prolongation
ψ(1) : U0 ⊂ Rk → T 1k ((T 1k )∗Q)
of ψ has the local expression
ψ(1)(x) = (ψi(x), ψβi (x),
∂ψi
∂xα
∣∣∣
x
,
∂ψβi
∂xα
∣∣∣
x
). (4.2)
Proposition 4.1 Let L ∈ C∞(T 1kQ) be a Lagrangian function. If ψ : U0 ⊂ Rk → (T 1k )∗Q satisfies(
λ− (T 1kpikQ)∗(dL)
)(
ψ(1)(x)
)
= 0 (4.3)
then φ = pikQ ◦ ψ is a solution to the Euler-Lagrange field equations (4.1).
(Proof )
First we compute (T 1kpi
k
Q)
∗(dL). Since T 1kpi
k
Q : T
1
k ((T
1
k )
∗Q) −→ T 1kQ is locally given by
T 1kpi
k
Q
(
qi, pαi , (vα)
i, (vα)
β
i
)
= (qi, (vα)
i), (4.4)
from (4.2) and (4.4) we have that
T 1kpi
k
Q ◦ ψ(1) = φ(1), (4.5)
where φ = pikQ ◦ ψ : U0 ⊂ Rk → Q is locally given by φ(x) = (ψi(x)) .
On the other hand
dL =
∂L
∂qi
dqi +
∂L
∂viα
dviα, (4.6)
and from (4.5) and (4.6), we obtain[
(T 1kpi
k
Q)
∗(dL)
] (
ψ(1)(x)
)
=
∂L
∂qi
∣∣∣
(φ(1)(x))
dqi(ψ(1)(x)) +
∂L
∂viα
∣∣∣
(φ(1)(x))
d(vα)
i(ψ(1)(x)). (4.7)
From (3.4) we have
λ
(
ψ(1)(x)
)
=
(
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
)
dqi(ψ(1)(x)) + ψαi (x) d(vα)
i(ψ(1)(x)) . (4.8)
Now if ψ satisfies (4.3), from (4.7) and (4.8), we deduce that ψ is solution to the equations
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
=
∂L
∂qi
∣∣∣
(φ(1)(x))
, ψαi (x) =
∂L
∂viα
∣∣∣
(φ(1)(x))
,
and therefore φ is a solution to the Euler-Lagrange field equations (4.1).
The equations (4.3) will be called the intrinsic form of the Euler-Lagrange field equations.
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Remark 4.2 The converse of the Proposition 4.1 is not true in general. If ψ : U0 ⊂ Rk → (T 1k )∗Q
is a map such that φ = pikQ ◦ ψ is a solution of the Euler-Lagrange field equations (4.1), then ψ
satisfies the equation (4.3) if and only if ψ = FL ◦ φ(1).
Grabowska in [9] characterizes the Euler-Lagrange equations (4.1) defining certain subset of
T 1k ((T
1
k )
∗Q)), which is obtained starting from a map α : T 1k ((T
1
k )
∗Q) → T ∗(T 1kQ), generalization
of the Tulczyjew isomorphism αQ : T (T
∗Q) → T ∗(TQ) defined in [24]. For a non autonomous
L(xα, qi, viα) a similar proposition is given in [16]. 
4.2 Implicit Euler-Lagrange field equations
In order to describe the implicit Euler-Lagrange field equations it is necessary to consider the k-
Pontryagin bundle M = T 1kQ ⊕Q (T 1k )∗Q. We now introduce the Hamilton-Pontryagin variational
principle and then, we consider the intrinsic version of the implicit Euler-Lagrange field equation,
in this case using the canonical form χ.
In the last part of this subsection we consider one particular example: Navier’s equations.
4.2.1 The Hamilton-Pontryagin principle
Using the canonical forms Θ1M, . . . ,Θ
k
M and the generalized energy Lagrangian function, defined in
Section 2.3, we establish the Hamilton-Pontryagin principle for k-symplectic classical field theories.
This principle is similar to the expression for the multisymplectic case [27].
Consider a Lagrangian function L ∈ C∞(T 1kQ) with associated generalized energy function E.
We now define the Hamilton-Pontryagin action functional
S : C∞C (Rk,M) → R
Ψ 7→ S(Ψ) =
∫
Rk
(
Ψ∗(ΘαM) ∧ dk−1xα −Ψ∗(E)dkx
)
,
(4.9)
where C∞C (Rk,M) is the set of maps Ψ = (φi, φiα, ψαi ) : K ⊂ U0 ⊂ Rk →M = T 1kQ⊕Q (T 1k )∗Q, with
compact support K, defined on an open set U0.
Remark 4.3 Let us observe that Ψ can be written as Ψ = (pr1 ◦ ψ, pr2 ◦ ψ) where pr1 ◦Ψ: K ⊂
U0 ⊂ Rk → T 1kQ and pr2 ◦Ψ: K ⊂ U0 ⊂ Rk → (T 1k )∗Q 
Employing local coordinates (qi, viα, p
α
i ) onM = T
1
kQ⊕Q(T 1k )∗Q, the action functional is denoted
by
S(vq, νq) =
∫
Rk
[
pαi
(
∂qi
∂xα
− viα
)
+ L(qi, viα)
]
dkx .
Let us observe that in the case k = 1 we obtain the Hamilton-Pontryagin action functional
introduced in [29].
We have defined the Hamilton-Pontryagin action functional in terms of the family of 1-forms
Θ1M, . . . ,Θ
k
M. By using the definitions (2.20) and (2.21) we can rewrite the Hamilton-Pontryagin
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action functional as:
S(Ψ) = S(pr1 ◦Ψ, pr2 ◦Ψ)
=
∫
Rk
(
<< (τkQ ◦ pr1 ◦Ψ)(1), pr2 ◦Ψ >> − << pr1 ◦Ψ, pr2 ◦Ψ >> +L(pr1 ◦Ψ)
)
dkx ,
where Ψ = (pr1 ◦Ψ, pr2 ◦Ψ): K ⊂ U0 ⊂ Rk →M = T 1kQ⊕Q (T 1k )∗Q.
A map Ψ ∈ C∞C (Rk,M) is an extremal of the above action if
d
ds
∣∣∣
s=0
S(τ1k τs ◦Ψ) = 0 ,
for each flow τs : Q → Q such that τs(q) = q for every q ∈ prMQ (Ψ(∂K)). Since such a flow τs is
generated by a vector field Z ∈ X(Q) vanishising at all points of prMQ (Ψ(∂K)), we can prove that
Ψ is an extremal of S if and only if ∫
Rk
[Ψ∗(LZ1E)]dkx = 0 .
for all Z satisfying the above conditions, where Z1 is the complete lift of Z to M.
We now suppose that Ψ = (φi, φiα, ψ
α
i ) satisfies pr1 ◦ Ψ = (prMQ ◦ Ψ)(1) that is, in a local
coordinate system,
φiα(x) =
∂φi
∂xα
∣∣∣
x
, 1 ≤ i ≤ n, and 1 ≤ α ≤ k.
Consider now the canonical coordinate systems such that Z = Zi∂/∂qi; taking into account the
local expression (2.15) for the complete lift Z1, the local expression of the generalized energy (2.23)
and that Ψ(x) = (φi(x), φiα(x) = ∂φ
i/∂xα, ψαi (x)), we deduce that ψ is an extremal of S if and only
if ∫
Rk
Zi(x)
(
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
− ∂L
∂qi
∣∣∣
pr1(Ψ(x))
)
dkx = 0 ,
∫
Rk
[
k∑
α=1
∂(Zi ◦ prMQ ◦ ψ)
∂xα
∣∣∣
x
(
ψαi (x)−
∂L
∂viα
∣∣∣
pr1(ψ(x))
)]
dkx = 0 ,
for all Zi and ∂Zi/∂qj, with Z vanishing at all points of prMQ (Ψ(∂K)). Thus, Ψ will be an extremal
of S if and only if
φiα(x) =
∂φi
∂xα
∣∣∣
x
,
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
− ∂L
∂qi
∣∣∣
pr1(Ψ(x))
= 0 , ψαi (x)−
∂L
∂viα
∣∣∣
pr1(Ψ(x))
= 0 . (4.10)
These equations are called the implicit Euler-Lagrange field equations.
Remark 4.4 (i) The first group of the equations (4.10) shows that, pr1(Ψ(x)) = φ
(1)(x) where
φ : Rk → φ(x) = τkQ(Ψ(x)) = (φi(x)) ∈ Q.
(ii) The last group of the equations (4.10) implies that, in the conditions of the above proposition,
FL(pr1 ◦Ψ) = pr2 ◦Ψ .
(iii) From (4.10) we deduce that φ is solution to the Euler-Lagrange equations (4.1)

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4.2.2 The intrinsic form of the implicit Euler-Lagrange field equations
We shall give an intrinsic characterization of the Euler-Lagrange equations (4.10), using the intrinsic
1-form χ introduced in Section 3.2 .
Let Ψ : U0 ⊂ Rk → M be a map with local expression Ψ(x) =
(
φi(x), φiα(x), ψ
α
i (x)
)
and let
Ψ(1) : U0 ⊂ Rk → T 1kM be its first prolongation, which is locally given by
Ψ(1)(x) =
(
φi(x), φiα(x), ψ
α
i (x),
∂φi
∂xβ
,
∂φiα
∂xβ
,
∂ψαi
∂xβ
)
, (4.11)
see (2.6) .
Proposition 4.5 Let Ψ : Rk →M be a map, and Ψ(1) : Rk → T 1kM its first prolongation. Then ψ
satisfies [
(T 1k pr2)
∗χ− (τkM)∗dE
] (
Ψ(1)(x)
)
= 0 (4.12)
if and only if Ψ is solution to the implicit Euler-Lagrange equations (4.10).
(Proof )
Since T 1k pr2 : T
1
kM→ T 1k ((T 1k )∗Q) is locally given by
T 1k pr2
(
qi, viα, p
α
i , (vα)
i, (vα)
i
β, (vα)
β
i
)
=
(
qi, pαi , (vα)
i, (vα)
β
i
)
we obtain from the local expressions (3.5) and (4.11) that
(T 1k pr2)
∗χ
(
Ψ(1)(x)
)
=
∂φi
∂xα
∣∣∣
x
dpαi (Ψ
(1)(x)) − ∂ψ
α
i
∂xα
∣∣∣
x
dqi(Ψ(1)(x)) . (4.13)
On the other hand, since the canonical projection τkM : T
1
kM→M is locally given by
τkM
(
qi, viα, p
α
i , (vα)
i, (vα)
i
β, (vα)
β
i
)
= (qi, viα, p
α
i ), (4.14)
we deduce from (2.23) that
(τkM)
∗(dE)(Ψ(1)(x)) = − ∂L
∂qi
∣∣∣
pr1(Ψ(x))
dqi(Ψ(1)(x))
+(ψαi (x)−
∂L
∂viα
∣∣∣
pr1(Ψ(x))
) dviα(Ψ
(1)(x)) + φiα(x) dp
α
i (Ψ
(1)(x)) .
(4.15)
From (4.13) and (4.15) we deduce that Ψ is solution to (4.12) if and only if Ψ is solution to the
implicit Euler-Lagrange equations (4.10).
The equations (4.12) are called the intrinsic characterization of the implicit Euler-Lagrange field
equations.
Remark 4.6 The above proposition is a generalization of Proposition 3.3 in [29]. 
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4.2.3 Example: Navier’s equations
A. Navier’s equations [18]
The deformations of an elastic body Ω ⊂ Rn are described by the displacement field φ : Ω→ Rn.
Each material point x ∈ Ω in the undeformed body will move to a new position y = x + φ(x) in
the derformed body.
The one-dimensional case governs bars, beams and rods, two-dimensional bodies include thin
plates and shells, while n = 3 for fully three-dimensional solid bodies.
The simplest case is that of a homogeneous and isotropic planar body Ω ⊂ R2, being the
deformation function (field)
φ : (x1, x2) ∈ Ω→ φ(x1, x2) = (φ1(x1, x2), φ2(x1, x2)) ∈ Q ≡ R2 .
Navier’s equations for φ are
(λ+ 2µ)∂11φ
1 + (λ+ µ)∂12φ
2 + µ∂22φ
1 = 0 ,
µ∂11φ
2 + (λ+ µ)∂12φ
1 + (λ+ 2µ)∂22φ
2 = 0 ,
(4.16)
where the parameters λ, µ are known as the Lame´ moduli of the material, and govern its intrinsic
elastic properties, see [1] and [11] for details and physical derivations. In the above equations we
use the notation ∂αβφ
i = ∂2φi/∂xα∂xβ.
Navier’s equations can seen as a particular case of the Euler-Lagrange equations (4.1) for the
Lagrangian L : T 12R2 = TR2 ⊕R2 TR2 → R given by
L(q1, q2, v11, v
2
1, v
1
2, v
2
2) = (
1
2
λ+ µ)
[
(v11)
2 + (v22)
2
]
+
1
2
µ
[
(v12)
2 + (v21)
2
]
+ (λ+ µ)v11v
2
2 , (4.17)
with (q1, q2, v11, v
2
1, v
1
2, v
2
2) coordinates on T
1
2R2.
B. Implicit equations
Now we shall write Navier’s equations (4.16) using the intrinsic equation (4.12) with the La-
grangian (4.17).
Employing local coordinates (q1, q2, v11, v
2
1, v
1
2, v
2
2, p
1
1, p
1
2, p
2
1, p
2
2) on M = T
1
kR2 ⊕R2 (T 1k )∗R2, each
map Ψ: U0 ⊂ R2 →M will be locally written as follows
Ψ = (φ1, φ2, φ11, φ
2
1, φ
1
2, φ
2
2, ψ
1
1, ψ
1
2, ψ
2
1, ψ
2
2) .
From (3.5), we know that χ = −((v1)1i + (v2)2i ) dqi + (v1)i dp1i + (v2)i dp2i , and we have in this
case
(T 1k pr2)
∗χ
(
Ψ(1)(x)
)
= −
(
∂ψ1i
∂x1
∣∣∣
x
+
∂ψ2i
∂x2
∣∣∣
x
)
dqi(Ψ(1)(x))
+
∂φi
∂x1
∣∣∣
x
dp1i (Ψ
(1)(x)) +
∂φi
∂x2
∣∣∣
x
dp2i (Ψ
(1)(x)) .
(4.18)
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Since in this example dE = (p1i −
∂L
∂vi1
)dvi1 + (p
2
i −
∂L
∂vi2
)dvi2 + v
i
1dp
1
i + v
i
2dp
2
i , we have that
(τkM)
∗(dE)(Ψ(1)(x)) =
(
ψαi (x)−
∂L
∂viα
∣∣∣
pr1(Ψ(x))
)
dviα(Ψ
(1)(x))
+φi1(x) dp
1
i (Ψ
(1)(x)) + φi2(x) dp
2
i (Ψ
(1)(x)) .
(4.19)
Now, from (4.17), we obtain
∂L
∂v11
= (λ+ 2µ)v11 + (λ+ µ)v
2
2, ,
∂L
∂v12
= µv12 ,
∂L
∂v21
= µv21 ,
∂L
∂v22
= (λ+ 2µ)v22 + (λ+ µ)v
1
1 ,
and, from (4.18) and (4.19), we deduce that the implicit field equations in this example are
φ1α =
∂φ1
∂x1
, φ2α =
∂φ2
∂xα
, 0 =
∂ψ11
∂x1
+
∂ψ21
∂x2
, 0 =
∂ψ12
∂x1
+
∂ψ22
∂x2
ψ11 = (λ+ 2µ)φ
1
1 + (λ+ µ)φ
2
2, ψ
1
2 = µφ
2
1 ,
ψ21 = µφ
1
2, ψ
2
2 = (λ+ 2µ)φ
2
2 + (λ+ µ)φ
1
1 .
(4.20)
Finally from (4.20) we obtain
0 =
∂ψ11
∂xα
+
∂ψ21
∂x2
= (λ+ 2µ)
∂2φ1
∂(x1)2
+ (λ+ µ)
∂φ2
∂x1∂x2
+ µ
∂2φ1
∂(x2)2
,
0 =
∂ψ12
∂x1
+
∂ψ22
∂x2
= µ
∂2φ2
∂(x1)2
+ (λ+ 2µ)
∂2φ2
∂(x2)2
+ (λ+ µ)
∂φ1
∂x1∂x2
,
which give the Navier’s equations (4.16) .
4.3 Non-holonomic implicit Euler-Lagrange field equations
We now consider the implicit Euler-Lagrange field equations with non-holonomic constraints. The
results of the above section can be considered a particular case of this section.
4.3.1 The Lagrange-D’Alembert-Pontryagin principle
In this section we study the case in which a regular constraint distribution is given. To do this, we
introduce an extended Lagrange-D’Alembert principle called the Lagrange-D’Alembert-Pontryagin
principle.
In first place we describe this situation and we introduce the necessary geometric elements, a
complete description of this elements can be found in [4].
We consider a field theory built on the following geometric objects:
• A Lagrangian function L : T 1kQ→ R.
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• A constraint submanifold N ↪→ T 1kQ, which can be locally represented by equations of the
form ΦA(q
i, viα) = 0 for A = 1, . . . ,m. This submanifold represents some external constraints
imposed on the system. For the sake of clarify we will confine ourselves to the case that N
projects onto the whole of Q and the restriction τkQ|N : N→ Q is a fibre bundle.
• A bundle F of constraints forms, defined along N, where F is generated by the m independent
semi-basic Rk-valued one-forms η1, . . . , ηm that locally read
ηA = (η
1
A, . . . , η
k
A) = ((η
1
A)idq
i, . . . , (ηkA)idq
i) , (4.21)
for some smooth function (ηαA)i on N ⊂ T 1kQ. The independence of the forms ηA clearly
implies that the m×kn-matrix whose elements are the functions (ηαA)i, has constant maximal
rank m.
We now have to specify the field equations. Proceeding as in the case of unconstrained k-
symplectic field theories, we consider the following definition:
Definition 4.7 Let L ∈ C∞(T 1kQ) be a Lagrangian function, N ↪→ T 1kQ a constraint submanifold,
F the bundle of constraints forms defined along N. If Ψ ∈ C∞C (Rk,M) is a map, with compact
support K, defined onto a open set U0 such that pr1 ◦ Ψ = (prMQ ◦ Ψ)(1) and (pr1 ◦ Ψ)(U0) ⊂ N,
then Ψ is a solution of the Lagrange-D’Alembert-Pontryagin problem if for each Z ∈ X(Q) which
vanishes on (prMQ ◦Ψ)(∂K) and such that ιZCη = 0 for all η of the bundle of constraints forms F,
we have ∫
Rk
[Ψ∗(LZ1E)]dkx = 0 ,
where ZC and Z1 are the complete lift of Z to T 1kQ and M = T
1
kQ⊕Q (T 1k )∗Q respectively.
Let L ∈ C∞(T 1kQ) be a Lagrangian function, N ↪→ T 1kQ a constraint submanifold and F the
bundle of constraints forms defined along N and ψ ∈ C∞C (Rk,M) a map with compact support K,
defined onto a open set U0 and such that pr1 ◦ ψ = (prMQ ◦ ψ)(1) and (pr1 ◦ ψ)(U0) ⊂ N. It is easy
to prove that ψ is a solution of the Lagrange-D’Alembert-Pontryagin problem if and only if∫
Rk
Zi(x)
(
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
− ∂L
∂qi
∣∣∣
pr1(ψ(x))
)
dkx = 0 ,
∫
Rk
[
k∑
α=1
∂Zi
∂qj
∣∣∣
x
∂φj
∂xα
∣∣∣
x
(
ψαi (x)−
∂L
∂viα
∣∣∣
pr1(ψ(x))
)]
dkx = 0 ,
for all Z ∈ X(Q) satisfying ιZCη = 0 for all η ∈ F and, thus for any values Zi and ∂Zi/∂qj such that
(ηαA)iZ
i = 0, 1 ≤ A ≤ m, 1 ≤ α ≤ k.
Thus, ψ is solution of the Lagrange-D’Alembert-Pontryagin problem if and only if ψ = (φi, φiα, ψ
α
i )
is a solution to the following systems of partial differential equations:
∂φi
∂xα
∣∣∣
x
= φiα(x) , ψ
α
i (x) =
∂L
∂viα
∣∣∣
pr1(ψ(x))
, ΦA((pr
M
Q ◦ ψ)(1))(x)) = 0 ,
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
− ∂L
∂qi
∣∣∣
pr1(ψ(x))
= λAα (η
α
A)i(pr1(ψ(x))) .
(4.22)
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with 1 ≤ i ≤ n, 1 ≤ α ≤ k, 1 ≤ A ≤ m. Here the functions λAα play the role of the Lagrange
multipliers.
The equations (4.22) are called the nonholonomic implicit Euler-Lagrange field equations.
4.3.2 The intrinsic form
We shall give an intrinsic characterization of the non-holonomic implicit Euler-Lagrange equations
(4.22), using the intrinsic 1-form χ introduced in Section 3.2 and the constraint forms η1, . . . , ηk.
Proposition 4.8 Let Ψ : Rk → T 1kQ ⊕ (T 1k )∗Q be a map, such that ΦA((prMQ ◦ Ψ)(1))(x)) = 0.
Then Ψ satisfies [
(T 1k pr2)
∗χ− (τkM)∗
[
dE − (pr1)∗(λAαηαA)
]] (
Ψ(1)(x)
)
= 0 (4.23)
if and only if Ψ is solution to (4.22)
(Proof ) It is similar to the proof of Propositions 4.1 and 4.5.
4.3.3 Examples
In this part of the paper we consider two examples of the nonholonomic implicit Euler-Lagrange
equations. The first one in the non-holonomic Cosserat rod. This example is an example of second
order field theory, but it is possible to consider a description of this example with an associated
first-order Lagrangian function. The second one is the particular case of linear constraints induced
by a family of distributions on Q.
A. The nonholonomic Cosserat rod
The nonholonomic Cosserat rod [21, 25, 26] is an example of a nonholonomic field theory which
describes the motion of a rod which is constrained to roll without sliding on a horizontal surface.
Figure 1: Cosserat rod
A Cosserat rod can be thought of as a long and thin deformable body. We assume that its length
is significantly larger that its radius. A Cosserat rod can be visualized as a curve s → r(s) ∈ R3,
21
called centerline, to which is attached a frame {d1(s),d2(s),d3(s)} called director frame. In this
orthonormal basis, the vector d3(s) is constrained to be parallel to r
′(s).
We consider an inextensible Cosserat rod of lenght l. Is we denote the centerline at t as
s→ r(t, s), inextensibility allows us to assume that the parameter s is the arc length.
The nonholonomic second-order model of the Cosserat rod is described into the multisymplectic
framework. The complete description can be found in [25]. In [4] we modified this model by
a lowering process to obtain a first-order Lagrangian function. In this model we consider the
Lagrangian function
L =
ρ
2
(x˙2 + y˙2) +
α
2
θ˙2 − 1
2
(β(θ′)2 +K((z′)2 + (v′)2)) + λ(z − x′) + µ(v − y′) . (4.24)
Here ρ, α, β and K are real parameters, (x(t, s), y(t, s)) are the coordinates of the centerline,
θ(t, s) is the torsion angle, x˙ = ∂x/∂t, x′ = ∂x/∂s (analogous for y and θ) and λ and µ are Lagrange
multipliers associated to the constraint z = x′ and v = y′. The constraints are given by
x˙+Rθ˙y′ = 0 and y˙ −Rθ˙x′ = 0 , (4.25)
where R is another real parameter.
The Lagrangian (4.24) can be thought as a mapping defined on T 12Q where Q = R2×S1×R4 ≡
R7. If we rewrite this Lagrangian with the notation of Section 2.1 we obtain that the first order
Lagrangian L : T 12R7 → R is given by
L =
ρ
2
((v11)
2 + (v21)
2) +
α
2
(v31)
2 − 1
2
(β(v32)
2 +K((v42)
2 + (v52)
2)) + q6(q4 − v12) + q7(q5 − v22) ,
subject to constraints
v11 +Rv
3
1v
2
2 = 0 and v
2
1 −Rv31v12 = 0 .
Let us observe that this Lagrangian is a singular Lagrangian. In this case, the constraint
submanifold is the set
N = {vq = (v1q, v2q) ∈ T 12R7/Φ1(vq) = v11 +Rv31v21 = 0 and Φ2(vq) = v21 −Rv31v12 = 0} ,
where vαq =
∑7
i=1 v
i
α∂/∂q
i. Therefore, the bundle of constraints forms F is generated by the 2
R2-valued 1-forms
η1 = (η
1
1, η
2
1) = (dq
1 +Rv22dq
3, 0) and η2 = (η
1
2, η
2
2) = (dq
2 −Rv12dq3, 0) .
A solution of the Lagrange-D’Alembert-Pontryagin problem in this case is a map
Ψ: R2 → M = T 12R7 ⊕R7 (T 12 )∗R7
x = (t, s) 7→ (φi(x), φi1(x), φi2(x), ψ1i (x), ψ2i (x)) ,
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with 1 ≤ i ≤ 7, which satisfies the following system of partial differential equations:
ρ
∂2φ1
∂t∂t
− ∂φ
6
∂s
= ν1, ρ
∂2φ2
∂t∂t
− ∂φ
7
∂s
= ν2, α
∂2φ3
∂t∂t
− β ∂
2φ3
∂s∂s
= R
(
ν1
∂φ2
∂s
− ν2∂φ
1
∂s
)
φ4 =
∂φ1
∂s
, φ5 =
∂φ2
∂s
, φ6 = −K ∂
2φ4
∂s∂s
, φ7 = −K ∂
2φ5
∂s∂s
φi1 =
∂φi
∂t
, φi2 =
∂φi
∂s
(1 ≤ i ≤ 7)
ψ11 = ρ
∂φ1
∂t
, ψ12 = ρ
∂φ2
∂t
, ψ13 = α
∂φ3
∂t
, ψ14 = ψ
1
5 = ψ
1
6 = ψ
1
7 = 0
ψ21 = −φ6, ψ22 = −φ7, ψ23 = −β
∂φ3
∂s
, ψ24 = −k
∂φ4
∂s
, ψ25 = −k
∂φ5
∂s
, ψ26 = ψ
2
7 = 0
φ11 +Rφ
3
1φ
2
2 = 0, φ
2
1 +Rφ
3
1φ
1
2 = 0 ,
(4.26)
where ν1 and ν2 are Lagrange multipliers associated with the nonholonomic constraints, x = (t, s)
are the time and space coordinates, and the field φ : R2 → R7 is given by the coordinates of the
centerline (φ1(t, s), φ2(t, s)) and by the torsion angle φ3(t, s). As one can see in Eq. (4.26) the
components φi, i ≥ 4 are determined by (φ1, φ2, φ3).
The equations (4.26) can be written as in (4.23), that is, in a intrinsic form. In fact, in this
particular case we have
[(T 12 pr2)
∗χ](Ψ(1)(x)) =
∂φ1
∂t
∣∣∣
x
dp11 +
∂φ1
∂s
∣∣∣
x
dp21 −
(∂ψ11
∂t
∣∣∣
x
+
∂ψ21
∂2
∣∣∣
x
)
dq1
+
∂φ2
∂t
∣∣∣
x
dp12 +
∂φ2
∂s
∣∣∣
x
dp22 −
(∂ψ12
∂t
∣∣∣
x
+
∂ψ22
∂2
∣∣∣
x
)
dq2
+
∂φ3
∂t
∣∣∣
x
dp13 +
∂φ3
∂s
∣∣∣
x
dp23 −
(∂ψ13
∂t
∣∣∣
x
+
∂ψ23
∂2
∣∣∣
x
)
dq3
+
∂φ4
∂t
∣∣∣
x
dp14 +
∂φ4
∂s
∣∣∣
x
dp24 −
(∂ψ14
∂t
∣∣∣
x
+
∂ψ24
∂2
∣∣∣
x
)
dq4
+
∂φ5
∂t
∣∣∣
x
dp15 +
∂φ5
∂s
∣∣∣
x
dp25 −
(∂ψ15
∂t
∣∣∣
x
+
∂ψ25
∂2
∣∣∣
x
)
dq5
+
∂φ6
∂t
∣∣∣
x
dp16 +
∂φ6
∂s
∣∣∣
x
dp26 −
(∂ψ16
∂t
∣∣∣
x
+
∂ψ26
∂2
∣∣∣
x
)
dq6
+
∂φ7
∂t
∣∣∣
x
dp17 +
∂φ7
∂s
∣∣∣
x
dp27 −
(∂ψ17
∂t
∣∣∣
x
+
∂ψ27
∂2
∣∣∣
x
)
dq7 ,
(4.27)
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and
[(τ2M)
∗[dE − (pr1)∗(λAαηαA)]](Ψ(1)(x)) =
−λ11dq1 − λ21dq2 −R(λ11φ22(x)− λ21ψ12(x))dq3 − φ6(x)dq4
−φ7(x)dq5 − (φ4(x)− φ12(x))dq6 − (φ5(x)− φ22(x))dq7
+(ψ11(x)− ρφ11(x))dv11 + (ψ21(x) + φ6(x))dv12
+(ψ12(x)− ρφ21(x))dv21 + (ψ22(x) + φ7(x))dv22
+(ψ13(x)− αφ31(x))dv31 + (ψ23(x) + βφ32(x))dv32
+ψ14(x)dv
4
1 + (ψ
2
4(x) +Kφ
4
2(x))dv
4
2
+ψ15(x)dv
5
1 + (ψ
2
5(x) +Kφ
5
2(x))dv
5
2
+ψ16(x)dv
6
1 + ψ
2
6(x)dv
6
2 + ψ
1
7(x)dv
7
1 + ψ
2
7(x)dv
7
2
+φ11(x)dp
1
1 + φ
1
2(x)dp
2
1 + φ
2
1(x)dp
1
2 + φ
2
2(x)dp
2
2
+φ31(x)dp
1
3 + φ
3
2(x)dp
2
3 + φ
4
1(x)dp
1
4 + φ
4
2(x)dp
2
4
+φ51(x)dp
1
5 + φ
5
2(x)dp
2
5 + φ
6
1(x)dp
1
6 + φ
6
2(x)dp
2
6
+φ71(x)dp
1
7 + φ
7
2(x)dp
7
5 .
(4.28)
Now, from (4.23), (4.27) and (4.28) we obtain the equations of the non-holonomic Cosserat rod
(4.26).
B. Linear constraints induced by distributions on Q
Let D1, . . . , Dk be k distributions on Q. We now consider the constraint submanifold N defined
by N = D1 ⊕Q · · · ⊕Q Dk of T 1kQ.
We now assume, for each α with 1 ≤ α ≤ k, that the annihilator D0α of each distribution Dα is
spanned by the 1-forms on Q locally given by
ψ¯αlα = (ψ¯
α
lα)idq
i, lα = 1, . . . ,mα, (4.29)
where (ψ¯αlα)i is a family of functions defined on Q. In this situation, Dα is the set of solutions to
the mα equations
Ψαlα(vq) : = ψ¯
α
lα(q)(vq) = (ψ¯
α
lα)i(q)v
i = 0 .
Thus, Dα is defined by the vanishing of mα independent functions Ψ
α
lα
∈ C∞(TQ), that is,
(Dα)(q) : = {vq ∈ TqQ/Ψαlα(vq) = (ψ¯αlα)ivi = 0, 1 ≤ lα ≤ mα} ⊂ TqQ . (4.30)
Thus, the constraint submanifold N is given by the vanishing of m = m1 + · · · + mk independent
functions Φαlα where
Φαlα(v1q , . . . , vkq) : = [(τ
k,α
Q )
∗Ψαlα ](v1q , . . . , vkq) = (ψ¯
α
lα)i(q)v
i
α .
The bundle of constraints forms F is generated by the m Rk-valued basic 1-forms on T 1kQ, with
m = m1 +m2 + . . .+mk
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η1l1 =
(
(τkQ)
∗ψ¯1l1 , 0, . . . , 0
)
=
(
(ψ¯1l1)idq
i, 0, . . . , 0
)
η2l2 =
(
0, (τkQ)
∗ψ¯2l2 , 0, . . . , 0
)
=
(
0, (ψ¯2l2)idq
i, 0, . . . , 0
)
. . . . . . . . .
ηklk =
(
0, . . . , 0, (τkQ)
∗ψ¯klk
)
=
(
0, . . . , 0, (ψ¯klk)idq
i
)
with i = 1, . . . , n, α = 1, . . . , k, and lα = 1, . . . ,mα .
Thus the implicit nonholonomic Euler-Lagrange field equations (4.22), are in this case
∂φi
∂xα
∣∣∣
x
= φiα(x), ψ
α
i (x) =
∂L
∂viα
∣∣∣
φ(1)(x)
, Φαlα(φ
(1)(x)) = 0
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
− ∂L
∂qi
∣∣∣
φ(1)(x)
= λlαα (ψ
α
lα)i((φ(x))) ,
(4.31)
Remark 4.9 In this particular case, a map Ψ: Rk →M, with local expression Ψ(x) = (φi(x), φiα(x),
ψαi (x)) is a solution of (4.31), then φ(x) = (φ
i(x)) is a solution of the nonholonomic field equation
associated to linear constraints induced by distributions on Q (see [4], page 818, for more details
about these equations.). 
Also, it is possible to write the intrinsic form of the equations (4.31) using the characterization
given in Proposition 4.8.
5 Hamilton-de Donder-Weyl equations
In this section we consider the Hamilton-de Donder-Weyl equations. The idea is to give the intrinsic
form of these equations in two cases, without constraints and with non-holonomic constraints.
5.1 Classical Hamilton-de Donder-Weyl equations
In a similar way that in the Lagrangian approach, we can describe the Hamilton-de Donder-Weyl
equations from a variational principle.
Along this subsection we consider an arbitrary Hamiltonian function H ∈ C∞((T 1k )∗Q).
We define the functional
H(ψ) =
∫
Rk
(
k∑
α=1
[ψ∗[(pik,αQ )
∗θ]] ∧ dk−1xα − ψ∗Hdkx
)
,
where θ ∈ Λ1(T ∗Q) is the canonical Liouville form, pik,αQ : (T 1k )∗Q→ T ∗Q the projection defined in
(2.9) and ψ : U0 ⊂ Rk → (T 1k )∗Q is a map with compact support K.
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A map ψ is an extremal of the above action if
d
ds
H(σs ◦ ψ)
∣∣∣
s=0
= 0 ,
for every flow σs on (T
1
k )
∗Q such that σs(νq) = νq for all νq ∈ ψ(∂K).
In [6] we proved that ψ is and extremal of H if and only if ψ is a solution of the Hamilton-De
Donder-Weyl equations, that is, if ψ is locally given by ψ(x) = (ψi(x), ψαi (x)), then the functions
ψi and ψαi satisfy the system of partial differential equations
∂H
∂qi
∣∣∣
ψ(x)
= −
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
,
∂H
∂pαi
∣∣∣
ψ(x)
=
∂ψi
∂xα
∣∣∣
x
. (5.1)
We now give a characterization of the Hamilton-de Donder-Weyl equations (5.1) using the
canonical 1-form χ introduced in Section 3.
Proposition 5.1 A map ψ : U0 ⊂ Rk → (T 1k )∗Q is solution to the Hamilton-de Donder-Weyl
equations (5.1) if and only if[
χ− (τk(T 1k )∗Q)
∗(dH)
] (
ψ(1)(x)
)
= 0 , x ∈ Rk . (5.2)
(Proof )
If ψ : U0 ⊂ Rk → (T 1k )∗Q is a map locally given by ψ(x) = (ψi(x), ψαi (x)), then the first
prolongation ψ(1) : U0 ⊂ Rk → T 1k ((T 1k )∗Q) has the local expression (4.2).
First we compute
[
χ− (τk
(T 1k )
∗Q)
∗(dH)
] (
ψ(1)(x)
)
. We know that
dH =
∂H
∂qi
dqi +
∂H
∂pαi
dpαi . (5.3)
From (3.5), (4.2) and (5.3) we obtain[
χ− (τk
(T 1k )
∗Q)
∗(dH)
] (
ψ(1)(x)
)
=(
−
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
− ∂H
∂qi
∣∣∣
ψ(x)
)
dqi
(
ψ(1)(x)
)
+
(
∂ψi
∂xα
∣∣∣
x
− ∂H
∂pαi
∣∣∣
ψ(x)
)
dpαi
(
ψ(1)(x)
)
.
Therefore, ψ satisfies (5.2) if and only if
∂H
∂qi
∣∣∣
ψ(x)
= −
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
,
∂H
∂pαi
∣∣∣
ψ(x)
=
∂ψi
∂xα
∣∣∣
x
,
that is, if and only if ψ is a solution of the Hamilton-de Donder-Weyl equations.
The expression (5.2) is called the intrinsic form of the Hamilton-de Donder Weyl equations in
(T 1k )
∗Q.
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Remark 5.2 This Proposition is a generalization of the Proposition 3.11 of [29]. 
Let us observe that in the previous result the Hamiltonian function is an arbitrary function
defined on the cotangent bundle of k1-covelocities (T 1k )
∗Q. An interesting case is when the Hamil-
tonian function is given by a hyperregular Lagrangian L.
Given a hyperregular Lagrangian L ∈ C∞(T 1kQ), the Legendre transformation FL : T 1kQ →
(T 1k )
∗Q is a global diffeomorphism, then a hyperregular Hamiltonian H ∈ C∞((T 1k )∗Q) can be
defined by
H = EL ◦ (FL)−1 , (5.4)
where EL is the energy function, with local expression
EL(q
i, viα) =
∂L
∂viα
viα − L(qi, viα) .
In this case we can say that the above proposition is the dual of Proposition 4.1.
5.2 Intrinsic form of the non-holonomic Hamilton-de Donder-Weyl equations
In this subsection we consider the Hamilton-de Donder-Weyl equations when a constraint subman-
ifold N ⊂ T 1kQ is given. We again consider the geometric objects described in Subsection 4.3. The
only different is that in this case we consider a hyperregular Lagrangian function L. Then we can
consider the Hamiltonian H defined by the expression (5.4).
If the constraint submanifold N is locally represented by a family of m equations of the
form ΦA(q
i, viα) = 0, 1 ≤ A ≤ m, then the constraint function on (T 1k )∗Q becomes ΨA =
ΦA ◦ FL−1 : (T 1k )∗Q→ R .
Proposition 5.3 A map ψ : U0 ⊂ Rk → (T 1k )∗Q, such that ΨA(ψ(x)) = 0, 1 ≤ A ≤ m, satisfies[
χ− (τk(T 1k )∗Q)
∗
(
dH − λAα (FL−1)∗ηαA
)](
ψ(1)(x)
)
= 0 , x ∈ Rk , (5.5)
if and only ψ is a solution of the system of partial differential equations given by
∂H
∂qi
∣∣∣
ψ(x)
= −
k∑
α=1
∂ψαi
∂xα
∣∣∣
x
+ λAα (η
α
A)i(FL
−1(ψ(x)) ,
∂H
∂pαi
∣∣∣
ψ(x)
=
∂ψi
∂xα
∣∣∣
x
.
(5.6)
(Proof ) It’s similar to the proof of Proposition 5.1.
The equations (5.6), joint with the conditions ΨA(ψ(x)) = 0, 1 ≤ A ≤ m, are the non-holonomic
Hamilton-de Donder-Weyl equations on (T 1k )
∗Q defined in [4]. Therefore, the equations (5.5) are
called the intrinsic non-holonomic Hamilton-de Donder-Weyl equations.
Remark 5.4 The above proposition is the Hamiltonian counterpart of the Proposition 4.8. 
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6 Conclusions
This work presents the variational principles and the intrinsic versions of several equations in field
theories, in particular, for the Classical Euler-Lagrange field equations, the implicit Euler-Lagrange
field equations and the non-holonomic implicit Euler-Lagrange field equations. The advantages of
the variational and intrinsic versions of these equations is that the Lagrangians functions are not
necessary regular Lagrangians.
In particular, equation (4.23) should be highlighted, since all the cases described in this work
could be considered as particular case of the one described by this equation.
We also present two examples of the results of this work: Navier’s equations and non-holonomic
Cosserat rod.
The key to being able to write these equations in an intrinsic way has been to define, using
Tulczyjew’s derivations, two canonical forms λ and χ.
Finally we present the Hamiltonian counterpart of these results, in particular when the Hamil-
tonian function is defined from a hyper-regular Lagrangian function.
In Mechanics, the implicit Euler-Lagrange field equations can be obtained using Dirac structures
[28, 29]. In fact, some of our results are a generalization of the results of these works. For this
reason, we think that as a future work, it will be interesting to analyse if Dirac’s structures can
help to obtain new descriptions of the Euler-Lagrange field equations.
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